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Warm-up: Addition in integer base



i

p > 1: an integer

n
Val(ap---a1a0) = anp" + -+ a1p+ ap = Za,-pi
i=0



Integer base

Definition

p > 1: an integer

n
Val(an---a130) = app" + - +a1p+ag = Y _ aip'
i=0

Example: p =2
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Integer base

Definition

p > 1: an integer

n
Val(an---aia0) = anp" +---+a1p+ap = Z aip'

Example: p =2

Empty word

Val(0) = Val(e) =0
Val(1) = Val(0000001) =1
Val(10) = Val(02) = Val(110) = 2

Nonstandard digits

i=0

Negative digits
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Addition is realised by a (multi-tape) automaton

0 ¢ carry
011100
010110

I+
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Addition is realised by a (multi-tape) automaton

01110 0 0« state
011100
+ 010110
= 110010
0 1 0 0 1 1
0 0 1 0 1 0 1
0 1 1 0 0 0 1
1
1
1



Addition is realised by a (multi-tape) automaton

0 < state

011100

+ 010110

= 110010
0 1 0 0 1 1
0 0 1 0 1 0 1
0 1 1 0 0 0 1

1
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Addition is realised by a (multi-tape) automaton

0 0 < state
011100
+ 010110
= 110010
0 1 0 0 1 1
0 0 1 0 1 0 1
O g gl 0 0 0 1
1
1
1



Addition is realised by a (multi-tape) automaton

0 0 O <« state
011100
+ 010110
= 110010
01 0 0 1 1
0 0 1 0 1 0 1
o gyl 0 0 0 1
1

—_



Addition is realised by a (multi-tape) automaton

1 0 0 0 <« state
011100
+ 010110
= 110010
0 1 0 0 1 1
0 0 1 0 1 0 1
0 1 1 0 0 0 1
1
1
1
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Addition is realised by a (multi-tape) automaton

01110 0 0<state
011100
+ 010110
= 110010
0 1 0 0 1 1
0 0 1 0 1 0 1
0 1 1 0 0 0 1
1
1
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Addition is just a Digit-conversion

Addition
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Figure: Additioner
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Addition is just a Digit-conversion 3
Addition Digit-conversion {0,1,2} — {0,1}
v o Lo 021210
+ 010110 11001 0:)Samevalue
= 110010
010 011
001 0 1 01
011 0 0 01
1
2(/6 )‘/\(Q)
\,/v\,/

Figure: Additioner
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Addition is just a Digit-conversion 3
Addition Digit-conversion {0,1,2} — {0,1}
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1
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Addition is just a Digit-conversion 3
Addition Digit-conversion {0,1,2} — {0,1}
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= 110010
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Addition is just a Digit-conversion 3
Addition Digit-conversion {0,1,2} — {0,1}
011100 caryless ,0921210
+ 010110 addition 11001 0:)Same value
= 110010
0 1
010 01 1
00 1 0 101 0 1 0
01 1 o 001
1 Q 1
=0
\,/\_/,\,/

Figure: Additioner
Figure: Converter {0,1,2} — {0,1}
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Addition is just a Digit-conversion 3
Addition Digit-conversion {0,1,2} — {0,1}
011100 carryless ,521210
+ 010110 addition 11001 0:)Same value
= 110010
0 1 1 2
01 0 01 1
00 1 0 101 0 1 0 0 1
01 1 0 0 0 1
1 Q 1
=0 YD
\,/\_/,\,/
]
0 2
0

Figure: Additioner
Figure: Converter {0,1,2} — {0,1}






One strong theorem based the additioner

Biichi-Bruyere Theorem [Biichi'60][Bruyere'85][Charlier'18]

R : a relation in N9,
R is realised by a d-tape automaton in base p
<= R is definable by a formula in FO[N, +, V,]

t: FO[N, +, V,] is the first-order logic with functions + and V.
V, is the function n — 2% the greater power of 2 such that o €N



One strong theorem based the additioner

Biichi-Bruyere Theorem [Biichi'60][Bruyere'85][Charlier'18]

R : a relation in N9,

R is realised by a d-tape automaton in base p
<= R is definable by a formula in FO[N, +, V,]

t: FO[N, +, V,] is the first-order logic with functions + and V.
V, is the function n — 2% the greater power of 2 such that o €N

= Many properties are decidable for automatic sequences (periodicity,
squarefreeness, etc.)



Journey from evaluator to additioner



Base 3

6 > 1: a real number

Evaluation in base 3

Before the radix point
k .
Val(ak-~-alao.) :Zaiﬁ’ (4)
i=0
After the radix point

Va|(-a1'-'ak"')=Zaf,8*" (5)
i=0

»



Base 3

6 > 1: a real number

Evaluation in base 3

Before the radix point
k .
Val(ag - - - a1a0.) = Z a3
i=0
After the radix point

VaI(.al---aku-):Za;B*"
i=0

In this talk, we do not care about representation (Greedy, normalisation, ...

»

(4)



The evaluator €4

Ea is the infinite labelled graph defined by:
m Finite digit-set: A
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The evaluator €4

Ea is the infinite labelled graph defined by:
m Finite digit-set: A

m Vertices: numbers in {Val(ax---a1a0) | kK €N, ay,..

.,al,aoeA}

T
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The evaluator €4 6

Ea is the infinite labelled graph defined by:

m Finite digit-set: A
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m Edges: s 25t < sB+a=t
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The evaluator €4 6

Ea is the infinite labelled graph defined by:

m Finite digit-set: A

m Vertices: numbers in {Val(ay---a1a0) | Kk €N, ag,...,a1,a0 € A}
m Edges: s 25t < sB+a=t

Val(ak---a1a0.) = 3 x Val(ax---a1.) + ao



The evaluator €4

Ea is the infinite labelled graph defined by:

m Finite digit-set: A

m Vertices: numbers in {Val(ay---a1a0) | Kk €N, ag,...,a1,a0 € A}
m Edges: s 25t < sB+a=t

X= y=

Val(ak---ajap.) = B x Val(ax---a1.) + ao

T
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The evaluator €4

Ea is the infinite labelled graph defined by:

m Finite digit-set: A

m Vertices: numbers in {Val(ay---a1a0) | k €N, ag,.
m Edges: s 25t < sB+a=t

..,al,aoeA}

X= y=

——
Val(ak - --a1a0.) = 8 x Val(ak---a1.) + ao
— &, features the transition x - y




The evaluator €4

Ea is the infinite labelled graph defined by:

m Finite digit-set: A

m Vertices: numbers in {Val(ay---a1a0) | k €N, ag,.
m Edges: s 25t < sB+a=t

..,al,aoeA}

X= y=

——
Val(ak - --a1a0.) = 8 x Val(ak---a1.) + ao
— &, features the transition x - y

Lemma
For each ai - -- ajao,

02k ... 20 where s = Val(ax - - a1a0.) (6)

T
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{1,0,1} and 3

Ea with A
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Val(1.)
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{1,0,1} and 3

Ea with A

902

Val(100.)



¥
p+1

Val(11.)

{1,0,1} and f3

gA with A
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{1,0,1} and 3

Ea with A

—

Val(11
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The zero-automaton Z4 8

Z 4 is defined as £4 except:

m Z, is a Bilichi automaton

m States: vertices of €4 in [—%, %} where d = max,ca{|al}
m 0 is initial

= All states are final

Za accepts infinite words that labels walks starting from 0.
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The zero-automaton Z4 8

Z 4 is defined as £4 except:

m Z, is a Bilichi automaton

m States: vertices of €4 in [—%, %} where d = max,ca{|al}
m 0 is initial

= All states are final

Za accepts infinite words that labels walks starting from 0.

Theorem [Frougny'92]

(apar---ax---) € AN is accepted by Z,4
<= Val(.apa1---ax---)=0
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{1,0,1} and 3

Ex— Z4 with A



Zero-automaton Theorem

The following are equivalent.
B is a Pisot number.
For every alphabet A, the Zero-automaton Z4 is finite

= M in [Frougny'92]
= BN in [Berend-Frougny'94]
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B is a Pisot number.
For every alphabet A, the Zero-automaton Z4 is finite
Za is finite for A= {0,1,---, 3] + 1}
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= BN in [Berend-Frougny'94]
< A in [Frougny-Sakarovitch'99]



Zero-automaton Theorem

The following are equivalent.
B is a Pisot number.
For every alphabet A, the Zero-automaton Z4 is finite
Za is finite for A= {0,1,---, 3] + 1}
B z, is finite for A= {0,1,---, 3]}

= W4 in [Frougny'92]

= BN in [Berend-Frougny'94]

< A in [Frougny-Sakarovitch'99]
A < A E in [Frougny-Pelantov4'18]






The finitary zero-automaton F4

Fa is defined as Z 4 except:

m F, is a classical automaton

m state 0 becomes the only final state

m states that cannot reach the state 0 are removed



The finitary zero-automaton F4 11§

Fa is defined as Z 4 except:

m F, is a classical automaton

m state 0 becomes the only final state

m states that cannot reach the state 0 are removed

Corollary

ay -+ -a1ap accepted by F4 <= Val(ax---a1a0.) =0



Zp— Fawith A={1,0,1} and f = p =1

L






Converter Cp, p,

Behavior we want

. ag---a1ag € Dy
Accept pairs bbby € Dy

such that

Val(ak ooo0 3130.) = Val(bk 000 b]_bOo)



Converter Cp, p, 13%

Behavior we want

. ag---a1ag € Dy
Accept pairs bbby € Dy such that

Val(ak ooo0 alao.) = Val(bk 000 b]_bOo)

Val(ak---alao.):VaI(b ---blbo )
R Val(ak---alao ) Val(bk -bibge )

=0
<:>Va|((ak—bk)---( ao—bo )



Converter Cp, p, 13%

Behavior we want

ag---a1ag € Dy

bbby € Dy such that

Accept pairs
Val(ak ooo0 3130.) = Val(bk 000 b]_bOo)

Val(ay - --aiap.) = Val(by - - - bibg.)
<= Val(ak---a1ap.) — Val(bk---bibp.) =0
<= Val ((ax — bx) -+ (a1 — b1)(ao — bo).) =0
<= (ax — bk)--- (a1 — b1)(ap — bo) is accepted by Fa

where A = {(dl — d2) ‘ d; € Dl, d> € Dz}
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Recap: from evaluator to additioner

Evaluator

’ Zero automaton ‘

’ Finitary zero aut. ‘

’ Digit Converter ‘

Additioner



Recap: from evaluator to additioner 15§
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Input Behaviour
02 .. By,
Evaluator dk -+ - a1d0
where s = Val(ak - --ajap.)

’ Zero automaton ‘

’ Finitary zero aut. ‘

’ Digit Converter ‘

Additioner



Recap: from evaluator to additioner

Input Behaviour

a1, ao

ak
00— —=—s
Evaluator dk + - a1d0
where s = Val(ag - - -

’ Zero automaton ‘ apai---ak--- accepted iff Val(sapay - --ak---

’ Finitary zero aut. ‘

’ Digit Converter ‘

Additioner



Recap: from evaluator to additioner 158
1\
Input Behaviour
02 ... By,
Evaluator dk -+ - a1d0
where s = Val(ak - - aiap.)
’ Zero automaton ‘ apay - - ak- - accepted iff Val(.apa;---ax---) =0
’ Finitary zero aut. ‘ ak -+ - aido accepted iff Val(ay ---a130.) =0

’ Digit Converter ‘

Additioner



Recap: from evaluator to additioner 158
1\
Input Behaviour
aj ai. ag
Evaluator dk + - a1d0 0= s
where s = Val(ax - - - a1ap.)
’ Zero automaton ‘ apay - - ak- - accepted iff Val(.apa;---ax---) =0
’ Finitary zero aut. ‘ ak -+ - a1dg accepted iff Val(ay ---a130.) =0
— ak- - +a1ao accepted iff Val(ay - - - a1a0.) =
’ Digit Converter ‘ by- - -by by Val(by -+ - brbo. )

Additioner



Recap: from evaluator to additioner 158
1\
Input Behaviour
02 ... o
a ... a a
@ g Lo where s = Val(ak - - aiap.)
’ Zero automaton ‘ apay - - - ak -+ accepted iff Val(sapa;---ax---) =0
’ Finitary zero aut. ‘ ak -+ - a1dg accepted iff Val(ay ---a130.) =0
— ag-+-aiag accepted iff Val(ay - - - a1a0.) =
’ Digit Converter‘ by- - by by Val(by - - - brbo. )
ay- - -a1ao accepted iff  Val(ay---ajap.)
Additioner bk - -b1bg + Val(by - -~ bibg.)
Ck-++C1Cp = Val(cx---c1co.)
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A statement similar to the Buchi-Bruyere Theorem

U = (Ux)ken a Pisot linear system
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A statement similar to the Buchi-Bruyere Theorem

Yo

U = (Ux)ken a Pisot linear system

Theorem [Bruyere-Hansel'97]

R : a relation in N9,
R is realised by a d-tape automaton in U
<= R is definable by a formula in FO[N, +, V]

11 FOIN, +, Vy] is the first-order logic with functions + and Vy.

Vu is the function n+— Uy, where k is the rightmost 1 in the representation of n
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A statement similar to the Buchi-Bruyere Theorem

Yo

U = (Ux)ken a Pisot linear system

Theorem [Bruyere-Hansel'97]

R : a relation in N9,
R is realised by a d-tape automaton in U
<= R is definable by a formula in FO[N, +, V]

11 FOIN, +, Vy] is the first-order logic with functions + and Vy.

Vu is the function n+— Uy, where k is the rightmost 1 in the representation of n

= Many properties are decidable for U-automatic sequences (periodic-
ity, squarefreeness, etc.)



Foreshadowing: Rational base



The case where 3 = £ € Q

Evaluation in base ’3’

Before the radix point

Val(ap,---a1ap.)

l"’

-
v
S

(7)
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The case where § =2 € Q 2178

>
Q'.“$

Evaluation in base ’3’

Before the radix point

Val(a,---a1a0.)

Il
[l S
o
L
7N\
QT
~__
—~
~
N—r

Theorem [Akiyama-Frougny-Sakarovitch'08]
Vn e N,

Jag---a1€{0,...,p—1} Val(ak - - arap.) = n (8)



Base g features an additioner

Theorem [Akiyama-Frougny-Sakarovitch'08]

Addition is realised by a finite automaton in base g.

012 (1)?;
01 2 0 ng
2 1 2
—_—
34 4
01 0

Figure: Converter {0,1,2,3,4} — {0,1,2} in base %

o N

= W

N B



Wait? Rational numbers are not Pisot numbers

[ is a Pisot number iff
m [ is an algebraic integer
m All Galois conjugates of £ are < 1 in modulus



Wait? Rational numbers are not Pisot numbers

(B is a Pisot number iff
m [ is an algebraic integer
m All Galois conjugates of £ are < 1 in modulus

Zero-automaton Theorem

The following are equivalent.
B is a Pisot number.
For every alphabet A, the zero-automaton Zj4 is finite
Z, is finite for A={0,1,--- ,|B] + 1}
B Z, is finite for A= {0,1,---, 3]}



Explanation of the non-contradiction

If 5 is Pisot

Evaluator

Zero automaton b

If 5 is not Pisot

Evaluator

Zero automat

\\I/
N
‘.: N
2

I
™

(=)
(1

(/



Explanation of the non-contradiction

If 5 is Pisot If 5 is not Pisot

Evaluator

Zero automat

Evaluator

Zero automaton b

’ Finitary zero aut. ‘

I

’ Digit Converter ‘

1

é‘ll"

2O
v, N
2>
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Explanation of the non-contradiction

S
s
£

If 5 is Pisot If 5 is not Pisot

Evaluator

Zero automat

Evaluator

Zero automaton b

— T
’ Finitary zero aut™ <

’ Digit Converter ‘
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Explanation of the non-contradiction

S
s
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If 5 is Pisot If 5 is not Pisot

Evaluator

Zero automat

Evaluator

Zero automaton b

— T
’ Finitary zero aut™ <
Digit Convert
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Explanation of the non-contradiction

5
=
£

If 5 is Pisot If 5 is not Pisot

Evaluator

Zero automat

Evaluator

Zero automaton b

— T
’ Finitary zero aut™ <
Digit Convert
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Explanation of the non-contradiction

&
%
2

If 5 is Pisot If 5 is not Pisot

Evaluator

Zero automat

i
’ Finitary zero au% ’ Finitary zero aut. ‘
Digit Convertp ’ Digit Converter‘

|
Add.t.on

Evaluator

Zero automat
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Explanation of the non-contradiction

S
s
£

If 5 is Pisot If 5 is not Pisot

Zero automat

Erase states
¢ < that cannot

reach 0

)
— % —
’ Finitary zero au% ’ Finitary zero aut. ‘

Digit Convert ’ Digit Converter‘

Zero automaton b




Explanation of the non-contradiction

If 5 is Pisot If 5 is not Pisot

Zero automaton b

ton

Erase states
¢ < that cannot

reach 0

fl/?/zc '>.))
’ Finitary zero aut™ < ’ Finitary zero aut.y
Digit Convert Digit Convert

Additioner Addition

Zero automa

%

T,
S

%
v, 3
Y



Explanation of the non-contradiction

If 5 is not Pisot

If 5 is Pisot

Zero automaton b

Zero automaton

that cannot
reach 0

fl/?/zc '>.))
’ Finitary zero aut™ < ’ Finitary zero aut.y

Digit Convert
Addition Addition

{ Erase states
3

)

Digit Converter

(1

N
(=)

\LI/
¥
— =
S

— P
If 6 =73

Evaluator

Zero automaton

?.>>
’ Finitary zero aut.y

Digit Convert

l




Explanation of the non-contradiction

If 5 is not Pisot

If 5 is Pisot

Zero automaton b

Zero automaton

that cannot
reach 0

fl/?/zc '>.))
’ Finitary zero aut™ < ’ Finitary zero aut.y

Digit Convert
Addition Addition

{ Erase states
3

)

Digit Converter

(1

N
(=)

\LI/
¥
— =
S

— P
If 6 =73

Evaluator

Zero automaton

3
-~ Ve
’ Finitary zero aut.

Digit Convert

l




Explanation of the non-contradiction

If 5 is not Pisot

If 5 is Pisot

Zero automat

Zero automaton

that cannot
reach 0

fl/?/zc '>.))
’ Finitary zero aut™ < ’ Finitary zero aut.y

Digit Convert
Addition Addition

{ Erase states
3

)

Digit Converter

(1

N
(=)

\LI/
¥
— =
S

— P
If 6 =73

Evaluator

Zero automaton

— <
’ Finitary zero aut™ &
Digit Convert
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Some statement similar to the Biichi-Bruyére Theorem E:

W/

2,
21%
Yo

N

Qs

= Val(A%) with A={0,...,p—1}

Theorem [M."21]

R : a relation in (Ne)?.
q
R is realised by a d-tape automaton in base g
<= R is definable by a formula in FO[N»,+, V] |
q q

t: FO[Ne,+, Ve] is the first-order logic with functions + and Vs.
q q q

K —k
Vs is the function n — (5) , the greater power of § such that n (g) enN
q

Qo
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Some statement similar to the Biichi-Bruyére Theorem 5:21:5

Yo

Ne = Val(A*) with A={0,...,p—1}

Qs

Theorem [M."21]

R : a relation in (Ne)?.
q
R is realised by a d-tape automaton in base g
<= R is definable by a formula in FO[N»,+, V] |
q q

t: FO[Ne,+, Ve] is the first-order logic with functions + and Vs.
q q q

K —k
Vs is the function n — (5) , the greater power of § such that n (5) enN
q

Qo

What about g—automatic sequences?

— Mostly open
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Recap: from evaluator to additioner %22;5
1\

Input Behaviour

Evaluator

’ Zero automaton ‘

’ Finitary zero aut. ‘

’ Digit Converter ‘

Additioner

ag -+ aidag
agdy - -ak-
ag -+ aidao
ay- - +a1dao
bk" 'blbO
k- +-aido
bk" 'blbO
Ck--+C1Co

a a aj
0 Sk ... 0 o

where s = Val(ax - - - a1ap.)

accepted iff Val(.apay---ax---) =0

accepted iff Val(ag - -a1ap.) =0

accepted iff Val(ay - - - a1a0.) =
Val(by - -~ bibo.)

accepted iff  Val(ag---a1ap0.)
+ Val(bk cee blb().)
= Val(ck s C1Co.)
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